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1 The big picture 


In a series of papers [HEIIHIIIIE!, that are reviewed in jB], an attempt to generalize 
the matrix model approach to non-critical strings [Zj to the case of four dimensional 
theories has been made. The basic idea is to replace the simple low dimensional 
matrix integrals 

j ( 1 . 1 ) 

used in jZj by four dimensional gauge theory path integrals with adjoint Higgs helds, 



x)] 


exp 


-N <i‘‘xj!:Yu(M,dM) 


( 1 . 2 ) 


where M represents a collection of iV x iV hermitian matrices including the four 
components of the vector potential as well as the Higgs helds. The parameters in 
the potential V{M;gj) appearing in (11.111 . which are adjusted in the classic approach 
to critical values for which the large N expansion of the matrix integral dj breaks 
down, are replaced in the four dimensional case by Higgs vacuum expectation values 
(which can be moduli), or more generally by the Higgs couplings appearing in the 
Higgs potential. It was argued in pi2iiniiiiin] that a non-trivial low energy physics 
generically develops for some special values of these couplings. The large N expansion 
then suffers from IR divergences. Those IR divergences are very specihc, and can be 
compensated for by taking iV —> oo and approaching the critical points in a correlated 
way. The resulting double scaled theories are conjectured to be string theories, whose 
continuous world-sheets are constructed from the large’t Hooft diagrams of the parent 
gauge theory. One of the highlight of this approach is that the double scaling limits 
provide full non-perturbative dehnitions of the corresponding string theories. This 
stems from the fact that the supersymmetric gauge theory path integrals are non- 
perturbatively dehned for all values of the parameters, unlike the simple integrals 
(HH) which suffer from instabilities when the potential V is unbounded from below. 

The above picture has been tested quantitatively on the moduli space of A/” = 2 
supersymmetric gauge theories W- Moreover, it was argued in ^ by studying two- 
dimensional toy models that the main features do not depend on supersymmetry, as 
long as one replaces the moduli space by the parameter space of Higgs couplings. In 
the present paper, we propose to test the validity of those general ideas in the context 
of A/" = 1 supersymmetric gauge theories. This was motivated by the recent progresses 
made in the calculation of the effective superpotentials iHiiaiini- We are going to 
compute the quantum corrections to the classical space of parameters, and we indeed 
hnd qualitative similarities with the quantum moduli space of A/” = 2 theories. This 
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fits well with the ideas advocated in jT]. We will also discover interesting new aspects 
of A/" = 1 gauge theories. 

We focus on the simplest possible examples, based on the U(iV) theories with 
a single adjoint Higgs particle. The elementary helds of the model are the M = 1 
vector multiplet V or its associated held strenght Wa = —D^e~^^Dae^^/8, that 
contains the gauge helds and the gluinos 'ip, and a chiral multiplet in the adjoint 
representation whose lowest component 0 is the complex Higgs held. The lagrangian 
is 


+ 2NRetT fd^eWtreei^), 

(1.3) 

with a complexihed bare gauge coupling constant tym = ^ 

tree-level superpotential lTtree(‘h). Quantum mechanically, the complexihed gauge 
coupling is replaced by a complexihed mass scale Au such that 


£ = -— Im tr Tym 
dvr 


d^e W^Wa + 2 / d^^d^^ 


Ao 

Tym = — In ^ 
vr A„ 


(1.4) 


where Aq is the UV cut-oh. For the most part of the paper we consider 

fHtree($) = ^$' + |<f>' (1.5) 


with a non-zero cubic coupling g. Classically, the gauge group either is unbroken 
when {4>)ci = 0 or {(j))ci = —m/g, or can be broken down to U(W) x U(A^ — Ni) 
when Ni eigenvalues of 0 are chosen to be 0 and N — Ni = N 2 are chosen to be 
—m/g. When m = 0, the Higgs held becomes critical. This is a singularity on the 
classical space of parameters, through which regimes with diherent patterns of gauge 
symmetry breaking are connected. We will see that this simple picture is modihed in 
an interesting and subtle way in the quantum theory. 

In Section 2, we discuss the physics of the phases with unbroken gauge group, 
by using in particular the held theoretic exact superpotentials derived in [TU]. The 
standard lore is that when \m\ S> |Au|, the Higgs held can be integrated out, and the 
low energy physics is governed by pure U(A^) super Yang-Mills. This theory has a 
running gauge coupling characterized by a low energy mass scale A which is related 
to Au and m by a standard matching relation. 


A^ = mK\. 


( 1 . 6 ) 


Pure super Yang-Mills conhnes and develops a mass gap of order |A|. The chiral 
symmetry 'L 2 N is spontaneously broken to Z 2 by the gluino condensate (tr'0^) which 
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in the vacuum is proportional to There are domain walls connecting 

the N different vacua. The tensions of the lightest domain walls go like A^|A^| at large 
N, consistently with a D-brane interpretation HH. This simple picture is significantly 
changed by the Higgs field self-interactions. When the dimensionless combination of 
couplings 

= ( 1 . 7 ) 

goes to any of the N critical values 

0<k<N-l, (1.8) 

we have a phase with a massless glueball and a tensionless domain wall. By calcu¬ 
lating explicitly the monopole condensates, we show that we can have confinement 
without a mass gap. Moreover, the critical points are branching points on the space 
of parameters, modifying drastically the classical structure. It turns out that some 
components of the parameter space corresponding to the classical vacua {4>)ci = 0 and 
(0)ci = —m/g are actually glued together along branch cuts. 

In Section 3, we adopt a more geometrical point of view and provide a general 
discussion of the quantum space of parameters. By analysing the phases with a broken 
gauge group, which are described by the two-cut solution of the matrix model P, we 
show that there is an extremely rich structure, with connections with the unbroken 
phases through massless monopole points. For example, if N is even, the singular 
points m correspond to contact points between the U(A^) and U(A^/2) x U(A^/2) 
phases. From the geometrical point of view, the transitions connect solutions with a 
different number of cuts. A technical analysis of the multi-cut matrix model, including 
the derivation of results used in the main text, is included in the Appendix. 

Section 4 is devoted to the study of the large N limit. A striking feature is that 
the large N expansion breaks down at the singularities. This is proven explicitly for 
the critical points (HHD, by calculating for example the exact tension of the domain 
walls and expanding at large N. We can show that in the double scaling limit 

A —> Ac, N ^ oo , A^(Ac — A) = constant = 1 /k , (1.9) 

the renormalized (in the world-sheet sense) tensions of the domain walls have well- 
defined limits that are interpreted as giving the exact tensions of two-branes in the 
resulting non-critical string theory. An interesting aspect is that it is possible to 
deform a D-brane continuously into a solitonic brane and vice-versa, by going over 
regions where the string coupling is strong. A similar result holds before scaling for the 
domain walls of the original gauge theory. We will also briefly mention multicritical 
points. 
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The phases with unbroken gauge group 


2.1 Exact superpotentials 


Our basic tool in the U(iV) vacua is the exact quantum effective superpotential, 
discussed for example in PI. 

Af-l 

fhq = a/2 ^ MmMmAD,m{Up, Au) + mU2 + QU^ , (2.1) 

m=l 


where Up = Mm and Mm are monopole fields coupling to — 1 magnetic 

U(l) gauge fields, and the Ao^m are known functions of the Up [T2j. We will mainly 
use the effective superpotential Wes for the fields z and S defined by 

_ Ml _ tr<h trW"W„ 

N ~ N ' ^ ~ WNtt^ ■ ^ ^ 

The normalizations are chosen such that the fields are of order one at large N. The 
operator S is the glueball chiral superfield whose lowest component is proportional to 
the gluino bilinear tr'^^. It was explained in PI how to derive S) from ()2.1|1 . 

and the result is (see equation (24) of with the slightly different convention that 
A in PI is Au presently) 


Wes{z, S) 


Nmz"^ 



+ Ain 


eA^ (l + 2gz/m) 

A 


(2.3) 


The fields 2 ; and A have generically masses of order |A|. The IPI superpotential (I2.3|l 
can be used to calculate the exact expectation values {z) and (A) upon extremization. 
We will show that for some special values of the parameters, the fields z or A actually 
become critical. In that case, it can be useful to think of (1211 as a low energy 
superpotential. The derivatives of Wes take very simple forms. 


dsWes = In 


A^ (1 + 2gz/m) 


A 


N 


dzWes = N{mz + gz"^) + 


2gNS 
m + 2gz 


(2.4) 

(2.5) 


Equation (I23D can be used to integrate out A, which yields the effective superpotential 
for z in the vacuum. 




2NgA.^e^'^'^^/^ z Nmz‘^ Ngz 


m 


+ 


+ 


0 < A: < - 1. (2.6) 
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In a similar way, equation ()2.5|) can be used to integrate out z, which yields the 
effective superpotential for the glueball superheld S, 




NmZ{S)^ , NgZ{Sf 
2 ^ 3 


+ 51n 


eA3 (1 + 2gZ{S)/m) 


(2.7) 


The function Z{S) is determined by the equation 


2gS =—Z{m + gZ){m + 2gZ) (2.8) 

and the classical limit lims'^o= 0 or lim^^o-2^ = ~T^/g depending on the vacua 
one considers. It is simpler to use the derivative of W (S'), which is expressed in terms 
of 5 = S/ (A^(1 + 2gz/m)) as 

IT'(^) =-ln(5^. (2.9) 

Using the dimensionless variable dehned in (inD,^ is determined by the requirements 
^2(1 - \5) = AVA® , 5 = ±^/A3 + 0{\) , (2.10) 


the plus sign corresponding to the vacua with (0)ci = 0 and the minus sign to (0)ci = 
—m/g. Interestingly, IU(S) given by ()2.7jl and ()2.8jl can be identihed with the sum 
of planar diagrams in the one matrix model [H], as was explicitly checked in PI. and 
as is further discussed in the Appendix. 

The expectation values for S and z in the vacuum \ k) (associated with (0)ci = 0) or 
the vacuum \k)' (associated with (0)ci = —m/g), 0 < k < N — 1, are straightforwardly 
deduced from the above equations. 


{ S)k = , { z )^ =-^(^1 - , 

{S)/ = , {z)[ =-^(^1 + (2.11) 

By replacing z in dZED (or S in (EH)) by its vev, we obtain the superpotential in the 
vacua \k) or |fc)' for which all the helds have been integrated out. 


’Aw = U(l- (1 - = ij(l+ (1 - . (2.12) 

One can also calculate the expectation values of tr0^ and tr0^. 




2 


dm 


(tr0^) 


3 


ghkiow 

dg 


(2.13) 
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Figure 1: A closed path in the A-plane for the U(2) theory. The bullets are at A = ±1. 


Formulas (iTTm and are singular (non-analytic) for the special critical values 

m of A. This has a very interesting consequence. Consider a closed path in the 
A-plane, starting in the vicinity of the weakly coupled point A = 0, and going through 
one of the cut associated with the square roots in (ITTTD or (EH- We have depicted 
an example for U(2) in Figure 1. Because the square root picks a minus sign in 
this process, the vacua |1) and |1)' are continuously deformed into one another when 
going along the path. More generally, the sheets of parameter space corresponding to 
the vacua \k) and \k)' are connected through branch cuts originating at the singular 
points A = Ac,fc. The structure of the parameter space is thus drastically changed by 
quantum effects. We will further discuss this kind of phenomenon in Section 3. 

The model also has an interesting dependence in the bare 6 angle. The trans¬ 
formation 9^9 + 2ti, or equivalently —>■ amounts to a non-trivial 

monodromy among the vacua. Since the different vacua are physically inequivalent, 
this means that the physical correlation functions of the theory, which satisfy the 
cluster decomposition principle, are not 27i periodic in 9. The same phenomenon was 
discussed in detail on a two dimensional model in cni- 


2.2 Massless glueball 

It is natural to guess that the non-analyticity at the critical values m is due to new 
degrees of freedom becoming massless. This is easily demonstrated in our case. If 


Cfc — 1 — A/A 


C,fc 


(2.14) 


denotes the deviation from the singular point, it is straightforward to show, by using 
(EH), Ell) and (ITTUl) . that the glueball superpotential takes the following form for 
small efc. 


hF(^) 


2NA^ 


- NekS + 


NXl,S^ 

3A6 


+ ... , 


(2.15) 


where we have written only the most relevant terms. For = 0, hF(S') is critical. 
This implies, under a mild assumption of regularity for the Kahler potential, that we 
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have a massless glueball. We could have used the superpotential (ESI) for z as well. 
By introducing z = z + mlillg), we have 

(,) ^ ^ _ Nm^ek~z gl^ 

In the particular case we are considering, the superpotentials (ITT3D and (EIED give 
equally valid descriptions of the low energy physics. The variables S and z are on the 
same footing because the derivative dzdsWes of (El is non-zero at the critical point, 
and thus both S and z mix with the massless degrees of freedom. As we will explain 
in Section 4.4, for more general critical points the helds S and 2 ; do not necessarily 
play symmetric roles. 


2.3 Confinement without a mass gap 


The appearance of massless degrees of freedom in the conhning regime of an A/” = 1 
gauge theory is an interesting phenomenon. Note that the critical points found in the 
preceding subsection are such that the glueball condensate (ITTTl) vanishes. 


(S>c,i. = 0. 


(2.17) 


If one considers, as was suggested in [Hj, that {S) is a good order parameter for 
conhnement, equation (ITT7I) would imply that the theory no longer conhnes at the 
critical points. However, we are going to show that this interpretation is not correct 
in general. Indeed, we can calculate explicitly the monopole condensates at criticality, 
and we hnd 

{MmMrn)k = sin , 1 < m < N - 1 , forA = Xc,k ■ (2.18) 

This demonstrates that for N odd we have a non zero string tension in all magnetic 
U(l) factors, and thus conhnement without a mass gap. For N even the condensate 
for m = N/2 vanishes, and thus the corresponding electric charges do not conhne 
(in particular for U(2) we don’t have conhnement at all). Those facts will be fully 
understood in Section 3. 

To derive (EH, we start from the equation obtained by extremizing the super¬ 
potential (EH) with respect to the UpS and the monopole helds. It is convenient to 
use the variables Xg dehned by 


1 

P 


Up= - tr = 




P 


S = 1 




(2.19) 









We get 


r) A 

■^D,m 


—mxs — gxl , 


0 . 


( 2 . 20 ) 

( 2 . 21 ) 


As explained in ^2), the variables Ao^m are expressed in terms of period integrals 

over the hyperelliptic cnrve 


N 


i- = P(x)-‘ - 4Af = - ^^5" 


S=1 


(2.23) 


The contonrs am encircle the cnts that vanish when the condition is satished. 

The calcnlation of dA^^mldxg was done in [12] in the SU(At) theory. The U(iV) 
theory we are dealing with presently is only slightly more general. It is possible to 
nse the SU(iV) calcnlation by shifting the variables 


X = X + z , Xs = Xs + z , (2.24) 

where z is dehned in (EH- The constraints are solved in the vacnnm by 

adjnsting 

X, = cos , (2.25) 

which corresponds to P = 2(—1)^A^ cos(iVt) for x = cost na. It is then 

straightforward to show that 


dA 


D,m 


dz 


dP 

2i7iy 


= ± 


Ndt 


= 0 . 


(2.26) 


The calcnlation of na, Section 2, can then be repeated withont change, yielding 

dAD,m _ isAiim 


dxs 


N {costs — costm) 


for 


7r(s —1/2) Tim 

ts = --) 1 < s < , and tm = — 


1 < m < N — 1 


(2.27) 


(2.28) 


The right hand side of can be evalnated by nsing and dTTTl) . 


mXs - gx^ = -2gA^e 


2 2i7Tk/N 


cos(2p). 


(2.29) 
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The trigonometric identity derived in m, 


^ smimSin{qim) 
N{costs - cosim) 


cos{qts ), q eZ, 


together with (I2.2()j) . (12.2711 and (I2.29|l . yields (12.1811 . 


(2.30) 


3 The quantum space of parameters 

So far, we have adopted a purely held theoretical point of view. It is possible to gain 
further insights by studying the geometrical interpretation of our results, and in par¬ 
ticular of the singular points on the space of parameters. A geometrical interpretation 
is possible because our model can be constructed in string theory by wrapping D5 
branes on special two-cycles of a certain non-compact Calabi-Yau manifold |H]. At 
least as far as the calculation of F-terms is concerned, this geometry can be replaced 
by a dual geometry where the two-cycles go to three-cycles and Ramond-Ramond 
hux through those cycles takes the place of the D5 branes jH]. In theories with eight 
or more supercharges, the singularities are usually associated with the degeneration 
of some cycle in the geometry. Presently we are looking at a case with only four 
supercharges for which very little is known. For the theory (Q, the non-trivial part 
of the CY geometry is a simple non-compact hyperelliptic complex curve given by an 
equation of the form 

r" = - JtM, (3.1) 

where R(x) is a polynomial of degree p — 2 if the tree-level superpotential hFtree is 
a polynomial of degree p. The three-cycles of the original CY space correspond to 
one-cycles encircling the branch cuts of the surface (EH), and the non-zero RR fluxes 
are associated with non-zero period integrals of the differential form Ydx. The p —1 
free parameters in the polynomial R{x) are then directly related to the fluxes through 
the p — 1 cuts. A very useful way to look at the geometry dSH is to realize that it 
comes from the solution of the one matrix model with potential given by IFtree IHj- 
The distribution of flux through the cycles depends on the pattern of gauge symmetry 
breaking. The solution of the matrix model with C non-trivial cuts is associated with 
an unbroken gauge group of the form U(Yi) x ■ • • x U(Yc). We have collected in the 
Appendix a set of useful results on the multi-cut matrix models that are relevant to 
this problem. In the main text we limit the discussion to the cubic IFtree (HH- 
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3.1 One-cut solution 


Let us start with the one-cut solution that corresponds to the vacua with unbroken 
gauge group that we have studied so far. The RR flux goes through one cycle only, 
and the other cycle is always degenerate. This means that the curve m takes the 
special form 

= x‘^{m + gxf — R{x) = M{xY{x — a){x — b). (3.2) 

The non-trivial period integral is (for conventions see the Appendix and in particular 
Figure 4; units are chosen such that = 1) 


Y dx = —di-nS . (3.3) 

It is easy to show that 

R{x) = ASgx + ^S{S/S + m){3S/S -|- m) (3.4) 

where 

5=(h-af/lQ (3.5) 

is constrained by the condition (ITTUl) . Unlike cases with J\f = 2 supersymmetry, the 
most general geometry consistent with the symmetries is not physical. The moduli 
are frozen by the condition that the effective superpotential is extremal. As derived 
in PI (see also equations (jA.29j) and ()A.30jl h and consistently with the equation 
(Ei), this amounts to imposing an extremely simple condition, 

= 1 = (^) ■ ( 3 - 6 ) 

The fact that this condition depends on ITtree only through the position of the branch 
cuts a and 6 is a manifestation of the well-known universality of matrix models. As 
explained in the Appendix, this property remains true for any ITtree and an arbitrary 
number of cuts. Equation (ESI) shows that the non-trivial cycle of the physical curve 
can never vanish. This implies that the singular points m, even though they 
are associated with a vanishing period integral dH as stressed in dznD, do not 
correspond to a vanishing cycle 7 . 



One may wonder whether the singular points correspond to the old Kazakov crit¬ 
ical points of the matrix model nnuzi. The Kazakov critical points occur when the 
root X* of the polynomial M in dH coincides with one of the branching points a or 
b. By using (ESI), is it immediate to see that 


m a + b 



m 


9 


{z) , 


(3.7) 
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where {z) = (a + 6)/2 is one of the z-held expectation values () 2 . 11 | 1 . The equation 
x* = a or x* = 6 is then solved when A goes to any of the N values 

Axazakovy = ^ , 0 < < iV - 1 . (3.8) 

Those are special values from the point of view of the matrix model, and thus also 
from the point of view of the superpotential W{S), but are clearly different from the 
critical values This comes from the fact that in gauge theory, only the solutions 

to W'{S) = 0 have a physical signihcance. This is very different from the ordinary 
matrix model where the condition W = 0 has no meaning. In other words, the gauge 
theory critical points are obtained when the solutions to W'{S) = 0 are singular, and 
this condition is not related to the Kazakov condition of having W singular. 

It is not difficult to check that the genuine critical points m occur when the 
double point of (Q sits exactly in the middle of the cut. 




a + b 
2 


(3.9) 


This is a curious geometric condition that we will better understand in the next 
subsection. 


3.2 Two-cut solution 

3.2.1 General properties 

The phases with broken gauge group U(iV) —> U(A^i) x U(A^ 2 ), iVi 7 ^ 0 and N 2 7 ^ 0, 
are described by the two-cut solution of the matrix model. A full discussion and 
the derivations of some technical results used in the following can be found in the 
Appendix. The curve m now takes the form 

= g^{x — ai){x — bi){x — a 2 ){x — 62 ) • (3.10) 

The branch cuts are chosen to run from Oi to bi and from 02 to 62 - The effec¬ 
tive superpotential iy(S'i,S' 2 ) can be calculated as a function of the fluxes through 
the two cuts. Upon extremization, we obtain two conditions ()A.46fl that the curve 
flTTUl) must satisfy. Those conditions have A^iA ^2 solutions corresponding to the vacua 
|fci, k 2 ] A^i, N 2 ), 0 < < Nj — 1 , of the low energy U(A^i) x U(Ai" 2 ) theory. 

Interesting points on parameter space are those for which the curve dsinD is 
singular. In the Appendix it is shown that the vanishing of an electric cycle (which 
occurs if one of the cuts shrinks to zero) is inconsistent with the conditions (jA.46j) 
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a) 


b) 


c) 




Figure 2: The transition from the two cut solution to the one cut solution (the inverse 
transition is of course possible as well), a) The endpoints of the two cuts get closer 
and eventually collide at the critical point, forming a double point, b) It is possible 
for the double point to move away from the cut. c) We are then left with the one-cut 
solution. 

except if Ni or N 2 is zero, while the vanishing of the magnetic cycle (which occurs 
when the two cuts join) is possible if 

ki = k2 mod Ni A N2 , (3-11) 

where Ni A N 2 is the greatest common divisor of Ni and N 2 . In particular, if Ni and 
N 2 are relatively prime, then all the vacua can have massless monopole points. The 
vanishing of the magnetic cycle implies that the electric coupling of the relative U(l) 
factor of the groups U(W) and U(A^ 2 ) blows up, or equivalently that the magnetic 
coupling vanishes. We then have a massless magnetically charged particle. Let us note 
that in both M = 2 and Af = 1 gauge theories, a vanishing magnetic cycle is associated 
with a massless magnetically charged particle. However, when the cycle is non¬ 
vanishing, the mass of the monopole is exactly known only for Af = 2 supersymmetry. 

Another simple but important result proved in the Appendix is the following. 
Suppose that the parameters are adjusted in such a way that a curve extremizing 
the superpotential IF(S'i,S' 2 ) has a vanishing magnetic cycle. This means that the 
two cuts have joined to form a single cut. Then the curve is also a solution of the 
extremization problem for the superpotential W{S) relevant to the one-cut solution. 
Physically, this means that the U(iVi) x U(A" 2 ) and U(A^) branches touch at the 
massless monopole point. One can go from the broken to the unbroken phase by 
condensing the massless monopole and the mass gap is created by the usual magnetic 
Higgs mechanism. The geometry of the transition is depicted in Figure 2. 

3.2.2 Examples 

The above discussion implies that in addition to the massless glueball points discussed 
in Section 2, there will be many other singular points with massless monopoles on 
the branches of parameter space associated with the U(A^) vacua \k) and \k)'. Those 
singularities are points of contact with the broken phases. The calculation of the 
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monopole condensates in Section 2.3 actually suggests that for N even the criti¬ 
cal point is such a point of contact, since we have found that the condensate 
(Mjv/ 2 d^Af/ 2 )fc vanishes. We would then have a massless monopole if N is even in 
addition to the massless glueball that is present for any N. 

It is actually not difficult to check this picture explicitly, and to discover that 
the relevant phase at A = Ac has \J{N/2) x U(iV/2) unbroken. To do so, let us note 
that there are N'^/A vacua \ki,k2', N/2, N/2) for the \]{N/2) x \]{N/2) phase. The 
condition (mn) is satished only in the vacua for which ki = k 2 . This implies that the 
curve ()3.1()|1 has a nice symmetry property that allows to solve the constraint (IA.46f) 
directly. The solution, derived in the Appendix, is 

=x\m + gxf0 < ki = k 2 = k < N/2 - 1. (3.12) 

This solution can also be found by using the results of [S] and in|. As stressed in 
nzi, in the case N = 2 the curve (ITT^ exactly coincides with the Seiberg-Witten 
curve for M = 2 super Yang-Mills and gauge group U(2), with the moduli frozen 
to the classical values imposed by the tree-level superpotential. This means that 
there is an isomorphism in this particular case between the moduli space oi M = 2 
[12] and the parameter space of our M = 1 theory in the U(l) x U(l) phase. The 
monopole singularities are then nothing but the famous Seiberg-Witten singularities. 
For general even Y, degenerates precisely at the N critical points m , as we 

wished to prove. The branches for \k) and \k)' touch the branch for \k, k] N/2, N/2) 
at A = exp(—2i7rfc/Y), and the branches for \k + N/2) and \k -f N/2)' touch the 
branch for |fc, fc; Y/2, Y/2) at A = — exp(— 2i7rfc/Y). 

It should be clear that the massless monopole singularities are not in general 
coinciding with m- To illustrate this point, let us consider the U(3) theory. Since 
N is odd we don’t expect to have a massless monopole for A = Ac,fc, but on the other 
hand the condition (imi) is satished for the broken U(2) x U(l) phase. It is easy 
to see what happens explicitly, because the solution can be found straightforwardly, 
for example by using the results of jS) and na. The curves for the vacua I?], 0; 2,1), 
?7 = ± 1 , where classically two eigenvalues are at zero and one is at —m/g, are given 
by 

= {m + gx){gx^ + mx^ + AggA^ . (3.13) 

A similar formula is valid for the vacua | 0 , 77 ; 1 , 2 ). The magnetic cycle of (j3.13j] 
vanishes when A goes to 

Au( 2 )xu(i).fc = I ^ 0 < < 2 . (3.14) 

y 
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Figure 3: The five-sheeted structure of the parameter space for the U(2) gauge theory. 
The crosses denote the A = 0 point, and bullets represent singularities with massless 
glueball and monopole. 


It is then straightforward to check that at criticality 


CLl 


= S = e2i7rfc/3 


(3.16) 


This is the correct condition for the one-cut phase. More precisely, we have a con¬ 
nection with the U(3) vacua \k) and \k)' for A = Au( 2 )xu(i),fc- 


3.3 The quantum parameter space for U(2) 

As an illustration, we have depicted the full quantum space of parameters for the 
gauge group U(2) in Figure 3. The quantum parameter space is connected, whereas 
its classical counterpart would have three disconnected components by excluding the 
point A = oo. A similar picture would be valid for U(iV) with N even, the U(l) x U(l) 
phase being replaced by U(A^/2) x U(A^/2) in the \k, k] N/2, N/2) vacua, and |0), |0)', 
|1), |1)' being replaced by |/c), |fc)', \k + N/2) and \k + N/2)’. There are also other 
components with various inter-connections in that case. 
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The large N limit 

4.1 Generalities 

We can now tackle the problem that was the original motivation for this work. We 
have fonnd non-trivial critical points for some particnlar valnes of the Higgs conplings. 
Following QI2I, we wonld expect a non-trivial behavionr of the large N expansion at 
the critical points. The only observables that we can calcnlate exactly are all related 
to the exact snperpotentials discnssed previonsly, or to the electric U(l) conpling r 
in the broken phases. To be concrete, let ns focns for the moment on the unbroken 
vacua and discuss the tensions of domain walls. The coupling r will be discussed in 
section 4.3. The tension of a (|p), |g)) BPS domain wall interpolating between vacua 
Ip) and \q) is simply given by [IHj 


lFp>,k>l (4-1) 

where the complexihed tension T\p)^\q) is dehned by 

rip'M = N {Wtl - <’>) ■ ( 4 . 2 ) 

The factor of N in ()4.2|1 comes from the normalization of the F-term in ()1.3j) . The 
standard lore about those domain walls is based on the analysis of the g = 0 theory 
m The tension is given in that case by 

71,,,|,, = 2]V2|A|=>sinhE^. (4.3) 

The basic domain walls for which \p — q\ = 1, or more generally for which \p — q\ is 
of order one at large N, have a tension that scales as N when N ^ oo, 

27rN\p-g\\A\\ (4.4) 

iV —>00 

This is consistent with a D-brane interpretation for the walls, with a closed string 
coupling constant of order 1/N. It was indeed argued in ^T] that the conhning 
strings can end on the domain walls. More generally, with an arbitrary tree-level 
superpotential, the formula (D is replaced by 

Tp),k> , ~ 2i7r{p-q)Aid= 2mN{p - q)(S) , (4.5) 

A'—>oo 

where the expectation value is taken in any vacuum \k) for which |A; — p| is of order 
one (we will take k = 0). The standard D-brane interpretation is thus valid as long 
as (S) 7 ^ 0. 
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Points for which (S') = 0 are special from the point of view of large N, but are not 
necessarily associated with a breakdown of the 1/N expansion. For any even tree- 
level superpotential, it is actually very easy to adjust the parameters to get (S) = 0. 
For example, with 

mree(<f>) = ^$' + (4.6) 

we have PI. in the vacua corresponding to (0)ci = 0, 

{S) = , (4-7) 


which is zero for 

m = . (4.8) 

The large N expansion of the domain walls tensions is nevertheless perfectly well- 
behaved, starting at order for the special value (14.811 . It is even very easy to get 
exactly tensionless (|p), |g)) domain walls, = hFio^, at finite N. By using the 

results of PI it is straightforward to see that this happens for example for the theory 
(lOll when 

2,„ S.U kipl = -39. .in . (4.9) 

The condition (Oil is recovered from the above equation in the large N limit. 

In our theory, in addition to the (|p), |g)) domain walls, we have (|p)', \q)') domain 
walls with similar properties. More interestingly, there are also (|p)^ I*?)) domain 
walls. Those exist at the semi-classical level, unlike the (|p), |g)) walls that originate 
from chiral symmetry breaking. Their complexified tensions are simply given by 

. (4.10) 


In the semi-classical regime this is well approximated by 

’ 


(4.11) 


and scales as at large N. The (|p)', Ig)) walls thus behave like closed string solitons 
(as opposed to D-branes). Remarkably, the results of Section 2 imply that the closed 
string solitons (|p)^ \q)) and the D-branes (|p), |g)) or {\p)', \q)') can be continuously 
deformed into one another by varying the parameters (see the discussion associated 
with Figure 1). This is reminiscent of the monodromy between magnetic monopoles 
and quarks in strongly coupled Af = 2 gauge theories, as described explicitly for 
example in PI- Moreover, the {\k), \ k)') domain wall is exactly tensionless at the 
critical value \ = \ck (HHD, as can be checked easily by using (ITTl) . The presence of 
a tensionless solitonic domain wall is an important feature of our critical point, and 
will be associated with a singular 1/N expansion. 
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4.2 Large N and critical points 
From (li~^ and (EUD, we have 


dp>,|q) ~ 227riV(p-g)AVl-A, (4.12) 

N^OO 


which generalizes dni) to arbitrary A. The same formula up to a global minus sign 
is valid for T\py^\gy, and from (I2.12j) we can also deduce 


(4.13) 

A well-behaved large N expansion would then predict that T^p},\q) and T\py^\qy are of 
order at A = Ac = 1/ while 'r|p)',|g) would be of order N, but this is not what 
happens. The exact formulas show that 


dp).!?) 

Tp>M9) 


rsj 


N—^oo 


rsj 


oo 


25/2^3/2gi7r/4 




25/2^3/2gi7r/4 


A^a/zV 


5 


(4.14) 

(4.16) 


at criticality. The common i/iV dependence for the “soliton” and the “D-brane” 
is remarkable and signals the breakdown of the 1/N expansion near A = Ac. It is 
straightforward to compute the 1/N corrections to (I4.12j) or (I4.1d|l for A ^ Ac, 


T\p)^\q) = 2iTrN{p - q)A^y/l - A 


Fp>-I'?>' “ 


(1 - A)3/2 


1 - 


14^hFlAM+0(l/(lV(l-A))^) 

®“^(P + '')+ 0 (l/(/V(l-A))^) 


6c/2 ' ' [ 2(1-A)A^ 

The expansions (imni and (HTH) are singular at A = 1 as expected. 


, (4.16) 
(4.17) 


4.3 The double scaling limit 

The formulas (ITTTni and (ITTTIl are extremely suggestive. The divergences at A = 1 
are very specihc, and can be compensated for by taking N ^ oo and A —> Ac = 1 in 
a correlated way given in (Hini). The rescaled tensions 

^|p),|g) = Vl — A T|p)Jq,) , ^lp)Mg> = ~ A 'r|p)',|g) (4-18) 

^Without loss of generality, we focus on the critical point A = Ac = 1 in the following. 


18 

























then go to finite universal limits 


t 


scaled 




scaled 

Ip>M9> 


^(l - - (l - 

(l — 2i7rg/s;)^^^ + (l — 


3^2 

2A3 


3fi:2 L 


(4.19) 

(4.20) 


In the scaling (uni), it is natural to conjecture that the original gauge theory reduces 
to a four dimensional non-critical string theory, or, equivalently, to a five dimen¬ 
sional critical string theory. Equations (I4.19|l and (14.201) are interpreted as giving 
the exact tensions for BPS D2-branes and solitonic two-branes in this string theory. 
The rescaling ()4.18|1 corresponds to a renormalization in the world-sheet theory. A 
detailed discussion of this conjecture can be found in umu, and it will not be re¬ 
peated here. As explained in the introduction, the idea is simply to generalize the old 
matrix model approach to non-critical strings [ziEn]. Note that by going through the 
branch cuts in equations or (joni), we can transform continuously a D-brane 

(whose tension goes like I/k at weak coupling) into a soliton (whose tension goes like 
1/^2 at weak coupling), and vice-versa. 

We have emphasized in section 3.1 that the critical points m of the gauge theory 
are not the same as the critical points of the one-cut matrix model. On the other hand, 
for N even, the critical points are also seen in the two-cut matrix model, and there 
they do correspond to a regime that was used to describe the c = 1 strings iznEzi- 
We would like to stress that this fact is, as far as we can see, of no deep significance 
in the present context. It does mean that large Feynman graphs dominate near the 
critical points. This is perfectly consistent with the four dimensional path integral 
picture sketched in the introduction because the matrix model planar diagrams are 
related to gauge theory planar diagrams jO]. However, the size N of matrices in 
the gauge theory path integral is not related to the size n of matrices in the matrix 
model. In particular, the scaling dini) relevant to the gauge theory is not the same 
as the scaling relevant to the c = 1 matrix model that was worked out long ago 
in [2n] (four dimensional scalings reminiscent of the c = 1 scaling do occur [H], but 
in different cases). The crucial point is that the double scaling limit (HD) yields a 
four dimensional non-critical (or five dimensional critical) string, because the starting 
point is a four dimensional path integral. This is very different from the c = 1 string. 
The gauge theory path integral being non-perturbatively defined, the scaling provides 
a full non-perturbative definition of the resulting string theory. Again this is in sharp 
contrast with the c = 1 string case. 

By using ()3.12ll . (IA.37fl and ()A.38f) . it is easy to study the scaling of the U(l) 
coupling Tp of the |p, p; A^/2, 77/2) vacua. It is actually convenient to work with the 
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dual magnetic coupling 


(4.21) 


The parameter k'‘^ of the curve (IXT^ goes to 

k'^ —^ 2^2^! - A^l - 2iTipK (4.22) 

in the scaling (HH). The renormalized coupling 

^p,D = - - In (4.23) 

vr 4v2 

then goes to a hnite limit 

^scaled _ J_ _ 2mpK) . ( 4 . 24 ) 

27r 

There is a subtle difference between the double scaling limit yielding (iroi) . KM 
or and the double scaling limits discussed in previous papers puinj- Even 

though equations or (imi) clearly shows that the divergences encountered in 

1/N corrections have an IR origin, the world-sheet renormalizations ()4.18|1 . whose 
form are dictated by the N dependence of T\p)^\q) and T\py^\q), correspond to a UV limit 
in space-time. 

4.4 Multicritical points 

Let us sketch an elementary field theoretic discussion of more general critical points. 
A systematic study can certainly be done by using the ideas described in Section 3, 
but this is beyond the scope of the present paper. Let us consider an arbitrary tree 
level superpotential of degree p, 

= (4-25) 

r=l 

Classically, the theory has generically p — 1 independent vacua with unbroken gauge 
group, labeled by an integer J. Our goal is to construct multicritical points akin to 
the one studied in Section 2. 

A first important step is to understand the distinction between the variable 2 ; = 
{ti (j))/N, which is natural from the UV, M = 2 point of view, and the glueball field S', 
which is more natural from the IR, M = 1 point of view.^ There are N superpotentials 
would like to thank N. Seiberg for raising this point. 
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for z, each of degree p, and labeled by an integer k. The formnla generalizing (EHD 
to the case of was derived in nm and reads 

= (4.26) 

r>0 


where 

4“’ = E , (4.27) 

g>0 ^ 

The eqnation (z) = 0 has p — 1 solntions, corresponding to the p — 1 classical 
vacna. It is impossible, by considering a given snperpotential for z (or for any of 
the helds tr 0^), to derive the existence of N vacna associated with each of the p — 1 
classical vacna. This is in sharp contrast with the snperpotentials for the held S. 
There are p — 1 of them, that we denote iy(j)(S'), 0 < J < p — 2. Each of the 
eqnations W^j^{S) = 0 has precisely N solntions, rehecting chiral symmetry breaking 
in the pnre J\f = 1 theory. 

Critical points of any order for the held 2 ; can be straightforwardly obtained. For 
example, formnlas and Km imply that we have a critical point of order i at 

(k) 

z = 0 when the prS are snch that 0 ;^ = 0 for 1 < r < £. However, it is important to 

realize that an order critical point of (z) does not necessarily correspond to 
an order critical point for a corresponding glneball snperpotential W(j){S). Let 
ns give a concrete example based on the tree-level snperpotential (EH), which yields 


(4.28) 

There are 3N vacua with nnbroken gange gronp, denoted by \k)-^, 0 < J < 2, 
0 < A; < iV — 1, for which 


{S)\k)0 

{S)\kP 


^A2g247rfc/7V ^ 3^^A4g4*7rfc/7V ^ ^ q ^ 

, {z)\kp = 

, (z)|fc)2 = 


(4.29) 

\g^) V m / ’ 

./m\V2/ 6p4Aue2*^^/^\ 1/2 

\g^) \ m J 


There is a critical point for yV^^\z) when m = The held 2 ; is then 

massless in the vacna \k)'^, for any J. On the other hand, it is straightforward to 
check, by nsing the resnlts in PI, that the snperpotentials iy(j)(S') are not critical, 
and thus we do not have a massless glneball. The non-trivial phenomena described 
in the present paper, like the breakdown of the large N expansion, only occur in the 
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vacua with massless glueballs. For the other critical points, the large N expansion is 
perfectly well-behaved. 

Multicritical points associated with a singular large N expansion can be obtained 
by considering a general odd tree-level superpotential. When only gi and are turned 
on, the critical point at z = 0 for gi = —2g^K\ is in the same universality class as 
m- If we turn on g^, we can go to a higher critical point for gi = g^ and 

g^ = We then have = Ng^z^/5. We have checked explicitly 

using results in Qm that the superpotential for the glueball superheld also goes like 
at criticality. The tension of the domain walls then goes like at large N. 
The same construction starting with an odd Wtree of degree 2£+ 1 presumably yields 
similar critical points with yV{z) oc and kF(S') oc The large N tension at 

criticality scales as 

T(£) oc iV^-h(2d ^ (4 30) 

and double scaling limits can certainly be dehned. It would be nice to work out those 
multicritical points and the associated double scaling limits more explicitly. 


5 Conclusion and prospects 

Non-trivial exact A/” = 1 effective superpotentials have proven to be extremely pow¬ 
erful tools to work out some new interesting physics in strongly coupled Af = 1 gauge 
theories. There is a qualitative similarity with M = 2 gauge theories, the parame¬ 
ter space replacing the moduli space. There are also some fundamental differences. 
For example, the singularities are not necessarily associated with vanishing cycles in 
the geometric description, and extended objects play an important role. It would 
be nice to understand the general structure of the quantum space of parameters for 
an arbitrary polynomial ITtree, and in particular to study higher critical points a la 
Argyres-Douglas. 

The matrix model proposal made in jH] can in principle be used to study a wide 
class of examples, and we are presently working on the theory with two adjoint Higgs 
helds. One of the motivations to study such a model is that it is not a simple 
deformation of a theory with extended supersymmetry, unlike all the cases that have 
been worked out for the moment jnmniEii. 

Maybe the most important message of this paper is that the old matrix model 
approach to non-critical strings can be generalized to four dimensional theories with 
M = 1 supersymmetry. This is a new and very important example where the ideas 
advocated in P El El El El El apply. The results for Af = 2 obtained in P actually 
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apply in A/” = 1 with a degree N tree-level superpotential. The parameter space 
for the phase with maximal gauge symmetry breaking U(A^) —>■ U(l)^ is indeed 
isomorphic to the M = 2 moduli space ^7] . It seems that much could be learned on 
four dimensional non-critical strings in this way. Only very few results are available, 
and we believe that it will be extremely rewarding to work out the general structure 
behind the four dimensional double scaling limits. The study of gauge theories with 
adjoint Higgs helds in two or three dimensions, and the associated critical points and 
double scaling limits, could also be potentially very interesting. 
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Appendix: The multi-cut solutions 


1 Generalities 


Let us imagine that we are considering the theory (El with an arbitrary polynomial 
tree-level superpotential of degree p 

= (A.l) 

r=l 


The most general gauge symmetry breaking pattern is of the form U(A^) —>■ U(W) x 
■ ■ ■ X \J{Nc), with Ni + ■ —h Nc = N and C < p — 1. The quantum effective super¬ 
potential is expressed in such a vacuum in terms of a W-independent prepotential JF 
as 

c 

W =^ (A.2) 

fc=l 

The prepotential is given by the planar approximation to a holomorphic integral over 
complex n X n matrices [ 0 ], 


exp 


/ d"^ 

' planar 


exp 


n 


-trHdree(0) 


(A.3) 
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where we are working in units for which Au = 1. We can restrict ourselves to hermitian 
matrices and real couplings to compute because there is no ambiguity in the 

analytic continuation for planar diagrams. The eigenvalue distribution p{x) has a 
support 


c 


Support [p] = [J[ak,bk] 


(A.4) 


k=l 


on C cuts [ofc, bk] which classically shrink to points that coincide with C distinct roots 
of the equation W/j,gg(x) = 0. The prepotential 


T = —S J da: p{x)Wt^ee{x) + y dxdz p{x)p{z) In \x — z\ , 

as well as the superpotential IT, depend on the hlling fractions 

Sk 


(A.5) 


5 


p{x) da: 


(A.6) 




that must be kept hxed in the integral (IA.3f) . The hlling fractions satisfy the constraint 

c 


J2Sk = S. 


(A.7) 


k=l 


It is very convenient to introduce 


a;(a:) = 


^+oo 


p{z) dz 


X — z 


in terms of which 


p{x) = — (uj{x + ie) — ui{x — ie)) . 

ZTT 


(A.8) 


(A.9) 


The fundamental saddle point equation reads 

^tree(^) = ^ + A) + u}{x — ie)) for X e Support [p]. (A.10) 

The force acting on a test eigenvalue at x is deduced from flA.bfl to be —nY(x) /S 
where 

V(x) = KJx) - 2Su,(x). (A.ll) 

One can show using (lA.lOjl that V (x) satishes an algebraic equation 


c 


Y"- = Wi„Xx? - R{x) = M{xf n(^ - ‘^Mx - k ), 


(A.12) 


k=l 
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Figure 4: Definition of the contours 7 ^ and j3k used in the text (similar dehnitions 
were given in ini)- The points and are going to inhnity on the upper and lower 
sheets of the non-compact Riemann surface ()A.19fl . As a consequence, the contours 
f3k are not closed. 


where 

R{x) = 4:SgpX^~'^ + ■ ■ ■ (A. 13) 

is a polynomial of degree p — 2 and M is a polynomial of degree p — 1 — C. The 
coefficients of R are hxed in terms of the Sk by the conditions which can be 

conveniently rewritten 

<£ Y dx = —iiTiSk ■ (A. 14) 

The dehnition of various contours is given in Figure 4. 

Since we are interested in the derivatives of T to compute the superpotential 
I, it is very useful to introduce 

d{Su) 1 dY 


dSk 2dSk 

Equation (lA.lOfl implies that 

'ipk{x + ie) + 'ipkix — ie) =0 for x E Support [p ], 
and ()A.11|1 and ()A.14|1 imply that 

^ (f tpk{x) dx = 6k,I. 


(A.15) 


(A.16) 


(A.17) 


7i 


The asymptotics at inhnity of 'ipk are deduced from the corresponding asymptotics 
uj{x) ~ 1/a: and ()A.15fl . 

'ipki.x) ~ -• (A.18) 

x^oo X 
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These results prove that the differentials V’fcdx form a canonical basis of log-normali¬ 
zable holomorphic one-forms on the genus C — 1 non-compact Riemann surface 


c 


^ - bk). 


(A.19) 


k=l 


Note that the polynomial M in (jA.12fl no longer appears. This simplihcation is at 
the origin of “universality” in our problem: the derivatives of W will depend on ITtree 
only through the branching points and bk- We can write explicitly 


'ipkix) = 


where 


Nkjx) 

y 


Nk{x) = ^ + 


(A.20) 


(A.21) 


is a polynomial of degree C — 1 whose coefficients are determined by the equations 
()A.17fl . From ()A.2nfl . ()A.15fl and (IA.9I1 . one then obtains 


dS. 


= 


_ Nk{x) _ 

TT ^{x - ag){bg - x) - ak){x - bk) 

k^q 


for a; e [a^, bq ], 


0 for X ^ Support [p]. 

(A.22) 

This equation can be used to compute the derivatives of JF, generalizing a calculation 
made in the Appendix of nDi. The hrst derivatives of T can also be obtained by 
noting that adding an eigenvalue to the cut mimics the variation bSk = Sjn jH]. 
By taking into account the energy cost in creating the eigenvalue at inhnity, we then 
obtain 

ds^T = lim [ y dx + 2S\nio - Wtree{io)) , (A.23) 

£o^oo\ZJp^ / 

where the contours jSk are dehned in Figure 4. By using ()A.15jl we deduce 

ds^dsiJ^ = -2mtki (A. 24) 

or equivalently 

c 

ds^W = 2m ^ Ni tki, (A.25) 

i=i 

where tki is the regularized “period” matrix of the non-compact curve f)A.19fl . 

1 


tki = lim f— 
4^00 V2*7r 


Ti 


V’fc dx -h - In £o) = tik . 

TT / 


(A.26) 
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By using the normalizations ()A.17jl . it is straightforward to show that the trivial 
exchange of the endpoints of the cut amounts to the transformation tkk tkk + ^- 
By taking into account this identihcation, we obtain that the conditions for a critical 
point of W are 

c 

Nitji = kj mod Nj , 1 < j < C • (A.27) 

1=1 

There are Y^=i^j solutions to ()A.27fl . labeled by the -valued numbers kj. As 
already mentioned, an important property of (jA.27jl is that it depends on hhtree only 
through the positions of the branch cuts of the curve (IA.19f) . 


2 Applications 

2.1 One-cut solution 


In the one cut case, there are only two branching points ai = a and hi 
holomorphic one-form is 

ifjdx = 


dx 


■\/ {x — a){x — h) 


The only period is 


til = lim ( — 


r-^O 


dx 


? , . \ , h — a 

..... , . , -= -F - In £o ) = - hi —-— 

- a){x -b) tt / vr 4 


and the physical condition (IA.27fl is 

= k mod N. 

We thus hnd again dSSD. 


b, and the 
(A.28) 

(A.29) 

(A.30) 


2.2 Two-cut solution 


We limit the discussion below to the two-cut solution U(iV) —U(A'i) x U(A" 2 ), 
iVi 7 ^ 0 and N 2 ^ 0, because this is the case used in the main text, but most of 
the arguments can be generalized straightforwardly to any number of cuts. It is 
convenient to introduce the cycles a and 7 dehned by 

a = f3i- (32, 7 = 7i + 72 • (A.31) 


Simple identities are 



(A.32) 
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The basis of log-normalizable holomorphic one-forms is 


y y 

By using ()A.32fl and ti 2 = ^21 one can derive the set of useful formulas 

2i7r _ (62 - bi){a2 - ai) 


^'2 — fJ'i — 


dx/y 


2K{k) 


(p — — (/ii — ^ 2 ) 
a y 

/ i 2 ^ 1^2) 

j a y 

2tl2 — til — t22 = T = 


C dx 

'pi y 

C dx 

'^2 y 


X dx 

y 

X dx 

y 


£dx/|/ _ iK{k') 
K{k) 


where K is the standard complete elliptic integral of the first kind and 


2 (&2 - a2)(&i - ai) 


r = 


u/2 _ 1 ,2 _ (a2-&i)(&2-ai) 


(62 — bi){a2 — Oi) 


k>^ = l_k^ = 


(62 — bi){a 2 — Oi) 


(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 

(A.38) 


The parameter r in (IA.37I1 is the modular parameter of the compact part of the curve 
f)A.19fl . Physically it corresponds to the non-trivial electric coupling constant of the 
relative U(l) factor {N 2 x U(l)i — Ni x U(l) 2 )/At of the U(A'i) and U(At 2 ) groups, 
where V{l)j C V{Nj). 

Interesting physics is potentially associated with a singular curve, and it is impor¬ 
tant to understand how the periods of the smooth curve behave in the limit in which 
one of the cycle vanishes. Let us hrst consider the case of a vanishing electric cycle, 
for example 71 ^ 0. In the limit, we have ai = 61 = a, and 


lim 

71^0 


dx 
71 y 


2i'K 


lim 

71^0 


X dx 


2i7ra 


71 


From those equations we deduce 

fii = -a + \/(02 - a) (62 - a) , 


y y/(a 2 - a) (62 - a) 


P -2 — . 


(A.39) 


(A.40) 


One then shows immediately that the periods for the singular curve are 


* , &2 — 

t22 = — In-- 

TT 4 


^2 , * , ^2 

— ’ ti 2 = - In — 

TT 


— 0,2 \/b2 — O — O2 — O 

4 'i/b 2 — o -|- 02 — o 


til = 00 . 


(A.41) 


The divergence of tu is directly related to the vanishing of the electric coupling 
constant. Let us now consider the physically more interesting case of a vanishing 































magnetic cycle a —>■ 0. We have 02 = 6 i = c in the limit, and we will then note ai = a 
and 62 = b. Formulas similar to (jA.dQjl are 


lim 


dx 

y 


27r f xdx 

—■ 5 iim (J) - 

■y/(c - a)(6 - c) "^0 Ja y 


2tic 

^J{c-a){h-c) 


(A.42) 


Moreover, dx/y diverges. This is equivalent to the vanishing of r or of the magnetic 
coupling. Equations ()A.34fl . ()A.35fl and ()A.36fl then imply 


— ^2 — —c- 


(A.43) 


For the singular curve we thus have 

y X — a)[x — 0 ) 

and we immediately deduce 


(A.44) 


i b — a / . 

^11 = ^22 = ti 2 = — In —-— ■ (A.45) 

71 4 

The equations ()A.44fl and (IA.45fl coincide nicely with the corresponding equations 
flA.28jl and ()A.29jl for the one-cut case. 

The physical curves are characterized by the conditions ()A.27|1 which read in the 
present case 


A^itii N 2 ti 2 = ki mod Ni , A^ 2 t 22 + A^iti 2 = ^2 mod N 2 , (A.46) 

where ki and k 2 are integers. Those conditions are clearly inconsistent with (IA.41|1 . 
which shows that physically an electric cycle can never vanish (except of course if 
A^i = 0 or A ^2 = 0). On the other hand, (IA.45fl implies that the magnetic cycle can 
vanish only if 

ki mod Ni = ^2 mod N 2 , (A.47) 

which is equivalent to the condition (IXTTl) used in the main text. Equations (IA.45|1 
and ()A.46jl then show that the singular curve satishes the physical condition for the 
one-cut solution. This is an important ingredient of the physical discussion in Section 

3. 

We now treat the particular example N even and Ni = N 2 = N/2 that is relevant 
for section 3.2.2. There are A^^/4 vacua \ki, k 2 ] N/2, N/2) in the broken phase. Equa¬ 
tion (jA.47jl can be satished only for the N/2 vacua \k, k] N/2, N/2), and we focus on 
that case. The physical conditions (IA.46jl then imply that tn — ^22 £ '^1 which means 
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that the two cuts play symmetric roles. More precisely, the curve ()A.19fl must take 
the symmetric form 


, z = x + 


m 


‘29 


(A.48) 


where 

m m m m 

ai = -- - b, bi = -- - a, 03 = -—+ a, 62 = -—+ 0. 

2 g 2 g 2 g 2 g 

The general formulas ()A.12|1 and (IA.13I1 yield 


(A.49) 


m 


“ + ^ 2g^' 

The remaining physical condition reads 

gi'7rV(tii+ti2) _ ^ 


(A.50) 


(A.51) 


By using fn = ^22 and fi 2 = ^21 h is straightforward to show that 


hi + h2 



Moreover, ()A.48jl implies that 



xdx 

y 



(A.52) 


(A.53) 


The formula for tn + fi 2 , which generically involves complicated elliptic integrals of 
the third kind, then simplihes drastically,^ 


^11 + tl 2 — 


- lim 

2171 


— lim 

177 ^0—*00 


2 x + hi T h2 


dx 


'92 


y 


[ ^ 

'92 y 


IniD = 


In 


4 In io 
b^-i 


77 


(A.54) 


The condition (jA-dlfl . together with ()A.5njl . hnally implies that the most general 
solution for the curve is given by (jSH. 

would like to thank V. Kazakov for a discussion on this point. 
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